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Abstract. Let X be an irreducible afnnc T-variety. We consider families of affine stable 
toric T-varieties over X and give a description of the corresponding moduli space as the 
quotient stack of an open subscheme in a certain toric Hilbert scheme under the action 
of a torus. 
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■ 1. Introduction 

j"t^ ! Let T be an algebraic torus. By a T-variety (T-scheme) we, as usual, mean a variety 

(scheme) with a (not necessarily effective) action of T. It is called toric if T acts with 
dense open orbit. The notion of a stable toric T-variety was introduced by Alexeev in 2002 
^ ■ |A102] . It provides a generalization of the notion of the toric T-variety to some reducible 
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varieties which are unions of toric varieties, glued along toric subvarieties. Stable toric 
varieties are analogs of stable curves in the case of toric varieties. In the affine case its 
definition can be formulated in a pretty simple way (see Definition 13. ip . 

In this work we use the notion of stable toric variety to consider a version of a moduli 
space parameterizing general T-orbits closures and some their degenerations for the action 
of T on the irreducible affine variety X. We consider a category Aix,T of the families of 
affine stable toric T-varieties over X. We show that objects in Aix,r{k) possess finite 



automorphism groups (non-trivial in general), so in general Aix,T can not be represented 
by a scheme. Then one may ask if it can be represented by a stack. The answer to this 



question is positive. Our main result is Theorem 14 A\ which states that M.x,t is a quotient 
■ stack. 

The proof of the main theorem is constructive. For each irreducible affine T-variety X 
we choose a finite subset A in the saturation of its weight monoid. Here A is required to 
satisfy some technical conditions. Then we consider the T-variety X x A d , where d = j^A 
and the action of T on A d is given by the weights in A. There is also an action of d- 
dimensional torus T on X x A d given by its diagonal action on A d . It induces the action 
of T on the toric Hilbert scheme Hx X A d ,T- We provide explicit conditions that define an 
open T-invariant subscheme H C H . The precise statement of Theorem 14.41 is that there 
is an equivalence of the categories fibred in groupoids M.x,t — [H/T]. 

The similar questions about stable varieties and their moduli spaces were investigated 
by Alexeev and Brion in jA102] . |AB04j . |AB05] . |AB06| . For example, in |AB06] the 
moduli space of stable spherical varieties over a projective space is constructed. For a 
detailed review of the history of this question we refer to the introduction of [AB06J. 
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This paper is organized as follows. In Section [2] we briefly recall necessary information 
on T- varieties, GIT-fans and toric Hilbert schemes. In Section [3] we provide definitions 
of affine stable toric varieties and families of affine stable toric varieties. Then we prove 
several technical statements analogues to those of [ABQ6J. In Section H] we investigate the 
category of affine stable toric varieties, formulate and prove the main result of this paper 
and provide a detailed example. 

2. Preliminaries 

Fix the base field k to be an algebraically closed field of characteristic zero. We work 
in the category of schemes over k everywhere except the last section, where we need to 
expand it to the category of algebraic stacks over k. Our references are [EHOOj . [Ha77] on 
schemes, and |G601] , |LM00j on stacks. A variety is a separated reduced scheme of finite 
type. 

2.1. Basic facts about T-varieties. Let T := (k x ) n be an algebraic torus, and X be 
an affine T- variety. Then its algebra of regular functions k[X] is graded by the group 
X(T) of characters of T 

k[X ]= k[X] x , 

X6X(T) 

where is the subspace of T-semiinvariant functions of weight \. The weight set is 

defined as 

S X :={ X GX(T) : k[X] x ± 0}. 

If T acts on X faithfully then J2 X generates the group X(T). Denote by Y, x '■= {x £ 
X(T) such that nx G T, x for some n G Z >0 } the saturation of Ex- 

Assume that X is irreducible. Then Ex formes a finitely generated monoid so we 
call it the weight monoid. It is easy to see that in this case Ex = ax H X(T), where 
ax '■= cone(Ex) C X(T)q := X(T) ®z Q is the weight cone. 

Recall from [BH06j the notion of a GIT-fan. For any x G X, the orbit conew x associated 
to x is the following convex cone in X(T)q 

w x := cone{x G S : 3 / G &[X] X such that f(x) ^ 0} = E^-. 

For any character x^S, the associated GIT-cone a x is the intersection of all orbit cones 
containing x 

a x = p| w x . 

{xex-.x&wx} 

Recall that a quasifan A in X(T)q is a finite collection of (not necessarily pointed) 
convex, polyhedral cones in X(T)q such that for any A G A also all faces of A belong to 
A, and for any two A, A' G A the intersection A PI A' is a face of both, A and A'. A quasifan 
is called a fan if it consists of pointed cones. The support |A| of a quasifan A is the union 
of its cones. 

By |BH06t Theorem 2.11], the collection of GIT-cones forms a fan Qx having ax as its 
support. 
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2.2. The toric Hilbert scheme. In this section we give a short overview on the toric 
Hilbert schemes. For the details we refer reader to [Brllj . |CP12j . [PS02J. 

Definition 2.1. Given a function h : X(T) — > N, a, family of affine T -schemes over a base 
S with Hilbert function h is a T-scheme Z equipped with an affine, T-invariant morphism 
of finite type p : Z — > S such that for all x 6 3t(T) the sheaf p*(Oz) x is locally free of 
rank h(x)- 

Note that the morphism p here is automatically flat. If h(0) = 1 then p is a good 
quotient of Z by the action of T (see [ADHL10| Section 2.3] for the definition of good 
quotients). 

The functions h we will consider are of the form 

h = hv(x) '■ = 

for the finitely generated monoid S C X(T). Fix an irreducible affine T- variety X. 



1 if X 6 £, 
otherwise. 



Definition 2.2. The tone Hilbert functor is the contravariant functor Hx,t from the 
category of schemes to the category of sets assigning to any scheme S the set of all closed 
T-stable subschemes Z C S x X such that the projection p : Z — > S is a family of affine 
T-schemes with Hilbert function h-^ x . 

The toric Hilbert functor %x,t is represented by the quasiprojective scheme H X; t called 
the toric Hilbert scheme. We will denote Ux,t the universal family over Hx,t- F° r an Y 
Z E Hx,t(S) we have Z = S x Hx T Ux,t- 

3. Affine stable toric varieties: definitions and properties 

Definition 3.1. By an affine (multiplicity-free) stable toric variety under an action of an 
algebraic torus T we mean an affine T- variety X such that k[X] is multiplicity-free as a 
T- module and Ex = T, X - 

Recall that a module V is multiplicity-free if every irreducible submodule of V occurs 
with multiplicity one. For affine stable toric variety X it means that dim/c[X] x = 1 for 
all x e Ex- 
One can show that this definition coincides with the general definition of a stable toric 
variety given in |A"l02l Section l.l.A] (see |AB04l Lemma 2.3]). If X is irreducible, then it 
is a (normal) toric T-variety. The easiest example of reducible affine stable toric variety 
is a cross, which is defined as a spectrum of k[x,y]/(xy), where the action of T = k x is 
given by grading deg(x) = 1, deg(y) = —1. More generally, for any quasifan A in X(T) 
one can define the quasifan algebra k[A] in the following way 

, r . n /tn , v v, vo f x Xl+X2 if there exist A 6 A such that yi, y 9 G A, 

k i A \ : = W k ' x ' x x := \ else 

Then X[A] := Spec k[A] is an affine stable toric T-variety. These are called toric bouquets 
in |AH06t Definition 7.2] in the case when A is the normal fan of some polyhedron. The 
complete description of affine stable toric varieties comes from this construction by adding 
a cocycle (see |A102[ Lemma 2.3.11 and Theorem 2.3.14] for details). 

From now on let X denote an irreducible affine T-variety. 
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Definition 3.2. A family of affine stable toric T-varieties over X with a base S is a T- 
scheme X equipped with two morphisms ps from X to some scheme S, and px '■ X — > X 
such that 

(1) px is T-equivariant; 

(2) ps is a family of affine T-schemes with Hilbert function /ig x ; 

(3) geometric fibers of ps are all reduced; 

(4) the morphism psxx '■ = Ps x Px '■ X — > S x X is finite. 

Any geometric fiber X s of such family X is an affine stable toric variety for the torus 
T. If all X s are irreducible (that is, X is a family of (normal) affine toric varieties), then 
X is locally trivial over S (see |AB04l Lemma 7.4]). 

For a family ps : X — > S of affine stable toric T-varieties over X, denote by T x the 
invertible sheaf of 05-modules (ps)*(Ox) x , X G S x : 

T := (ps)*O x = T x . 

For any \i x' G ^x, we have the multiplication map 

m x,x' '■ ?x ®o s Fx' ~^ Fx+x'- 
Since the fibers of ps are reduced, the iVth power maps J 7 ^ — > J-jv x are isomorphisms for 
all x e S x . 

The following lemmas are analogues of |AB06l Lemma 4.7] and [AB061 Lemma 4.8] in 
our affine settings. 

Lemma 3.3. The following properties hold for any family ps : X — >■ S of affine stable 
toric T-varieties over X: 

(1) The weight cone ay of any T-subvariety Y of any geometric fiber X s is a union 
of GIT- cones a £ Qx- 

(2) For any GIT-cone o G Qx and x, x' G crflX(T) the map vn x ^ x > is an isomorphism. 

Proof. (1) The weight cone of any T-subvariety of X s is a union of weight cones of its 
irreducible components. Note that any normal toric T-variety Y equipped with a finite 
T-equivariant morphism : Y — > X is uniquely determined by its image <f>(Y), and the 
weight cones o~y and o~^ry) coincide. By definition, the minimal GIT-cone containing a 
given character x is the intersection of the weight cones o~j^ of all orbit closures Tx C X 
such that x G Cj^. Thus the statement is clear. 

(2) Let s G S be a geometric point. Then X s is an affine stable toric T-variety. Note 
that = k[X s ] ® {Os) s an d recall that k[X s ] is multiplicative-free. Now one can use the 
restriction on irreducible component of X s and the first part of this lemma to show that 
( m x,x')s i s an isomorphism. It follows that m XjX > is an isomorphism. □ 

The finite T-equivariant morphism psxx '■ A = Spec^J 7 ->SxX = Specie's ® k\X\) 
corresponds to the homomorphism ip : S ® k [X] — > J 7 of graded C^-algebras, which makes 
T into a finite Os <S> /c[X]-module. 

Lemma 3.4. (1) There exists a finite subset A C Sx such that the Os-algebra T : = 
(ps)*Ox is generated by J c x> x G A for any family p s : X — >■ S of affine stable 
toric T-varieties over X. 
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(2) There exists a positive integer N , which depends only on the T -variety X, such 
that the map tpx x '■ @s ® A;[X]Ar x — > iF Nx is surjective for any family ps : X — )■ S 
of affine stable toric T -varieties over X and for any x G Ex- 

Proof. (1) Let A C Ex be a finite subset such that the monoid Ex D o~ is generated by 
An a, for any a G Qx ■ By Lemma I3~3l (2). it follows that A satisfies the statement of the 
lemma. 

(2) We use notations J-w and /c[X]( x ) for the sheaf of (9s-algebras ©^Lo-^x anc ^ the 
algebra ®^L &[XUx respectively. There exists a positive integer n x such that fc[X]( n * x ) 
is generated by its component of degree one. By weight considerations we see that J 7 *™**) 
is a finite fc[X]("*x)-module. Since the property of morphism to be surjective is local, we 
can assume that the sheaf of C^-algebras j' n>:X ' is isomorphic to the polynomial ring 
O s [z\. If z & Im^ nxX , then ^(J***)) = O s what is in contradiction with the finiteness 
condition. So, z G lm.(f nxX and ¥>n xX is surjective. 

The least common multiple N of n x , x A, satisfies the statement of the lemma. □ 

Remark 3.5. In the proof of part (2), in fact, we deduce a criterion of the finiteness of 
the morphism psxx for arbitrary families ps '■ X — > S of affine T-schemes with Hilbert 
function fog equipped with the T-equivariant morphism px '■ X — > X. Indeed, choose 

A C Ex and iV G N satisfying the conditions of Lemma 13.41 Then psxx is a finite 
morphism if and only if the homomorphism Os <8> A:[X]tvx — * (.Ps)*(Ox)n x is surjective for 
all A. 

4. Moduli stack of affine stable toric varieties 

From now on we fix a subset A = {xi, ■ ■ ■ , Xd] C Ex, where d := ^A, and a positive 
integer iV satisfying the conditions of Lemma 13741 We consider the category of stable toric 
varieties over X and prove that it is a quotient stack. 

Definition 4.1. The category Mx,t of affine stable toric varieties over X is the category 
whose objects are families of affine stable toric T-varieties over X. For two families 
Ps '■ X — > S and p' s : X' — > S' in Mx,t, a morphism is a pair consisting of a morphism 
<ps '■ S — > S' and a T-equivariant morphism <px '■ X — y X' such that the following diagrams 
are commutative: 



X ™ >X' 




S S' X . 

Remark 4.2. Note that the first diagram is cartesian. Indeed, the fibered product S x S 'X' 
is a family of affine stable toric T-varieties over X with base S, and we have a morphism 
X — > S x s > X' in A4x,t- So we have only to show that for any families X, X' in M.^,t over 
the same base S and any morphism = (Ids, 'Px) from X to X' in A^x.r, the morphism 
(px is an isomorphism. Denote J 7 := {ps)*Ox an d J 7 ' '■= (Ps)*®x'- The T-equivariant 
morphism (px corresponds to the homomorphism a : J 7 ' — > J 7 of graded (9s-algebras. 



X ^^X' 
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Then, by Lemma 13.41 (2), it follows that for any \ £ ^x, the morphism of invertible 
sheaves of C^-modules ax x '■ 3~' Nx —> Fn x is surjective. Since F^ ~ Fn x , it follows that 
a x is surjective. Since a surjective morphism of invertible sheaves is an isomorphism, it 
follows that a and consequently <px are isomorphisms. 

If S — s is a point, then a family of affine stable toric T- varieties over X is simply 
a morphism px from affine stable toric T-variety X to X. The image of p% is a closed 
T-subvariety ZcX which satisfy the following conditions: 

• k[Z] is multiplicity-free T- module; 

• If Z = UZi is decomposition into irreducible components, then a% = ^>&Zi- 

Conversely, if Z C X satisfy the conditions above, then there is unique affine stable 
toric T-variety X which permits a surjective morphism to Z. Moreover, this morphism 
is defined uniquely modulo the finite subgroup of the T-equivariant automorphisms of 
X. We give a precise description of this subgroup in Remark 14.31 As we will show later, 
.Mx,t is a stack. If all T-subvarieties in X, satisfying the conditions above, have Hilbert 
function /i£ x , then the coarse moduli space of Mx,t is Hx,t- 

Let F : Aix,T — > Sch be the functor that associates to any family {X — > S} G A4x,t its 
base S. We denote by A4x,t(S) the category of affine stable toric T-varieties over X with 
base S. For simplicity we write M.x,t(R) f° r A^x,T(Spec (R)), where R is some /c-algebra. 
By Remark 14.21 it follows that Aix,T is a category fibred in groupoids. Moreover, by the 
property of affine morphisms that descent data is effective |Gr63[ Theorem 2.1], it follows 
that F is a sheaf in categories. 

Remark 4.3. We shall describe the group of automorphisms of an affine stable toric T- 
variety Y G A4x,t(&)- Note that the automorphisms of Y correspond to T-equivariant 
automorphisms of the algebra k[Y] that are trivial on the image of fc[X]. Such an automor- 
phism is given by a map ip : Ex — > k x such that the restriction of if) to the weight monoid 
Yjz of any irreducible component Z of Y is a homomorphism of monoids. By Lemma 
13.41 (1), it follows that ip is uniquely determined by its restriction to A C Ex- Denote 
T = (k x ) d . The embedding A C Ex defines a surjective homomorphism of lattices: 

a : 3£(T) = Z d ->■ X(T). 

So we see that the group of automorphisms of Y is the subgroup Ty of T defined by the 
following conditions: 

1. The characters lying in the kernel of the restriction of a to Z*^ j4nSz \ where Z is an 
irreducible component of Y, are trivial on Ty (in particular, if Y is irreducible, then this 
condition means that Ty C T C T). 

2. If x G Ex is such that the image of fc[X] x in fc[Y] x is non-zero, then the characters in 

are trivial on IV . 

In particular, by Lemma 13.41 (2), it follows that for any \ G 3£(T) the character N\ is 
trivial on Ty, so Ty is finite. 

In the same way, the group of automorphisms of a family X G Mx,t{S) is isomorphic 
to a subgroup Tx C Mor(5, T) consisting of S'-points of T such that for any geometrical 
s G 5 the corresponding fc-point of T is contained in Tx s C T. 

One can prove that for any families Xi,X 2 G A / fx,r(>S') the functor 

Lsom(Xi,X 2 ) : Sch/S -> Set 
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that associates to any scheme S' —> S the set of isomorphisms in A4x,t(S') of X\ x s S' to 
X2 Xs S', is an etale sheaf and, consequently, M.x,t is a stack. But we shall show directly 
that .Mx,t is a quotient stack. 

Define the action of T on X x A d by t ■ (x, x±, . . . , Xd) = (t ■ x, Xi{t)xi, ■ ■ ■ , Xd{t) x d)- Let 
H := H XxA d T be the corresponding toric Hilbert scheme. Note that there is the action of 
T := (k x ) d on H induced by the diagonal action of T on A d . 

Denote U := Ux X A d ,T C H x X x A d and let pn denote the projection on H. The 
inclusion 1 : U — >■ if x X x A d corresponds to the homomorphism Oh <8> fc[X] <8> &;[A d ] — > 
^ : = (Ph)*(Ou) of the (9f/-algebras. 

Consider the open subscheme H C H defined by the following conditions: 

(1) The fibers of pn over H are reduced. 

(2) The image of k[H]^ x generates the invertible sheaf Qn\ a ^ the points of H for any 

(3) The image of xi G k[A d ] trivializes the invertible sheaf Q Xi over H for any \% G ^4- 

It is clear that conditions (2) and (3) are open. Since pn is a good quotient it maps closed 
T-invariant subsets to closed subsets (see [A DHLlOt Theorem 2.3.6]). Now using |Gr67| 
Theorem 12.1.1] one can show that (1) also is an open condition. 

Note that H is invariant under the action of T on H . Denote by % the corresponding 
open subfunctor. 

Theorem 4.4. There is an equivalence of the categories fibred in groupoids Ai^ — [H/T\. 
Proof. First, we construct a functor T : Aix,T — > [H /T]. Let X G M-x,t(S). Consider 

P:=Spec s 0(g)^ : 4S, 

where J 7 := (ps)*{Ox)- Note that q is a principal fiber bundle under T. Consider the 
pullback 

X P := X x s P A P 

of X — > S by q. Then for any Xj G A we have a natural trivialization of p*{Ox P ) X ]'- 

p*(o Xp ) Xj = (r Xj ® 0s (g) rA 4 o P . 

(Here we use the notations of |Ha77| Exercise 11.5.17(e)].) So, there is a natural surjection 

of Op-algebras O p g> k[X] ® /c[A d ] 4> p,(C Xp ), where (/?(1 ® 1 ® x*) = x^^l), which, in 
turn, corresponds to the closed immersion Xp » P x X x A d of their local spectrums. 

We state that Xp G %{P). We need to check conditions (1) — (3) for p. Condition (1) 
is satisfied already for q and it is stable under the base change. By Remark 13.51 condition 
(2) is equivalent to the property of morphism p to be finite that is also satisfied for q and 
stable under the base change. Condition (3) follows from the definition of (p. 



cS 
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An element Xp G H{P) corresponds to a morphism P — > H. It is clear that this 
morphism is T-equivariant. Thus, we have the diagram 

P 

g 

< ■ 

s, 

which is an element of [H/T](S). 

Notice that we have an action of T on Xp C P x X x A d given by the restriction of the 
diagonal action of T (where T acts trivially on X). 

Since 

(q o pUO Xp ) t = T ®o s q*(0 P ) T ~ T, 
we see that ps : X — > S is canonically isomorphic (in Aix,r(S)) to the quotient of p : 

p//T : Xp//T ~ X -»■ 5. 

Conversely, given a principal fiber bundle q : P S under T and a T-equivariant 
morphism P H, consider the fibred product Xp := P x g U G 'H(P), where U is the 
universal family over H. Then we have the (flat) quotient morphism X := Xp//T — > 
P//T = S. Since the projection Xp — > X x P is finite (use Remark 13.51 again), it follows 
that the corresponding morphism X — > X x S is finite and X G Mx,t{S). This gives us 

a functor T' : [H/T] -> A^ x ,t- 

We see immediately that T'oT ~ Id» XT and ToT' ~ Id^ T j. □ 

Example 4.5. Let T = k x , X = A 1 and T acts on X by t • x = t m ■ x, m > 0. Then 
X{T) = Z, S x = mN, S x = N. Take A = {1}, d = 1, N = m. It is easy to see that 
they satisfy the conditions of Lemma 13.41 The diagonal action of T on the affine plane 
A 2 = X x A 1 is given by the matrix ( *q ° ) ■ We are in situation of the subtorus action on 
the toric variety, so one can use |Ch081 Theorem 4.5] for the computation of fans of H 
and U (see the picture below), but it is also not hard to see directly that H = P 1 and U 
is the weighted blow-up of A 2 with weights (l,m). 




m 
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Let (x, y) and (u : v) be coordinates on A 2 and homogeneous coordinates on H respec- 
tively. The torus T = k x acts on H by t ■ (u : v) — (u : t m v). The universal family 
U C H x A 2 is the surface xu = y m v. We see immediately that the fiber of pn over 
(0 : 1) is not reduced and fc[X]jv = (x) does not generate Gn at the point (1 : 0). So 
H = P 1 \ {(0 : 1), (1 : 0)} and [H/T] = \pt/{Z/mZ)). 

On the other side, X = A 1 considered as a toric variety under the torus T is the 
unique affine stable toric T-variety with Ex = N. Then one can show that all families 
of affine stable toric varieties over X are trivial. The group Z/mZ is exactly the group 
of automorphisms of X G -Mx,t(&) (see Remark [4. 3p . so Ai%,T — \pt/(Z/mZ)]. That fits 
nicely with the statement of Theorem 14.41 
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